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Abstract A kinetic model of the Fokker-Planck-Boltzmann equation is introduced by re-
placing the original Boltzmann collision operator with the Bhatnagar-Gross-Krook collision
model (BGK collision model). This model equation, which we call the Fokker-Planck-BGK
equation, has many physical features that the Fokker-Planck-Boltzmann equation possesses.
We first establish an L∞ existence result for this equation, by which we construct the ap-
proximate solutions. Then, by means of the regularizing effects of the linear Fokker-Planck
operator and Lp estimates of local Maxwellians, we obtain some uniform estimates of the
approximate solutions. Finally, combining those estimates and regularizing effects, we prove
by a compactness argument that the equation has a global classical solution under rather
general initial conditions.

Keywords Fokker-Planck-BGK equation · Initial value problem · Classical solution ·
Local Maxwellian

1 Introduction

In their classical paper [15], R.J. Diperna and P.L. Lions discussed the Cauchy problem of
the Fokker-Planck-Boltzmann equation, i.e., the Boltzmann equation perturbed by a Fokker-
Planck operator:

∂

∂t
f + ξ · ∇xf − σ�ξf = Q(f,f ), f (0, x, ξ) = f0(x, ξ),

where Q(f,f ) is the Boltzmann collision operator, f0 is an initial datum, and σ > 0 is
the diffusive coefficient. By certain regularizing effects of the Fokker-Planck term −σ�ξf ,
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they established a global existence result of renormalized solutions to this equation. Their
basic idea to define renormalized solutions is to regularize the collision term by a quasi-
linearizing method [15–17]. Due to the lack of a priori estimates which are strong enough to
define the original Boltzmann collision operator, no further regularity results for this kind of
solutions have been obtained so far; for example, the question whether this kind of solutions
are the ones in the distributional sense is still open.

The above observation suggests that some simplified kinetic models for this equation
should be constructed, which can still characterize the evolution of a gas accurately on one
hand, and be mathematically manageable on the other hand. It is well known that, in rar-
efied gas dynamics, there is a good approximation of the Boltzmann collision integral, i.e.,
the Bhatnagar-Gross-Krook collision model (abbreviated to “BGK model”). This model was
introduced in [6] and is simpler than the Boltzmann collision operator (for a complete dis-
cussion of the BGK model, we refer the readers to [13]). In this paper, by replacing the
Boltzmann collision operator in the above equation with the BGK collision model, we ob-
tain a kind of kinetic model which we call the Fokker-Planck-BGK equation. As we shall
see later, this simplified kinetic model can be handled more easily than the Fokker-Planck-
Boltzmann equation; for example, we will show the global existence of classical solutions
under rather general conditions.

For a given rarefied gas, let f : (t, x, ξ) ∈ [0,∞)×R
N ×R

N → [0,∞] be its microscopic
kinetic density of particles at time t and position x, moving with velocity ξ , its macroscopic
quantities (i.e., hydrodynamical variables) are defined by

⎛
⎝

ρ

ρu

ρ|u|2 + Nρθ

⎞
⎠ (t, x) =

∫
RN

⎛
⎝

1
ξ

|ξ |2

⎞
⎠f (t, x, ξ)dξ, (1.1)

where ρ(t, x), u(t, x), and θ(t, x) are, respectively, the mass density, bulk velocity, and tem-
perature of the gas at time t and position x. Then the Fokker-Planck-BGK equation in R

N

(N ≥ 1), as described above, is the following nonlinear evolutional equation if an initial
distributional function f0(x, ξ) ≥ 0 is prescribed

∂

∂t
f + ξ · ∇xf − σ�ξf = M[f ] − f, f (0, x, ξ) = f0(x, ξ), (1.2)

where (x, ξ) ∈ R
N × R

N, t ≥ 0, and J (f ) = M[f ] − f is the so called BGK collision
model in which M[f ] is the local Maxwellian

M[f ](t, x, ξ) = ρ(t, x)

(2πθ(t, x))N/2
exp

(
−|ξ − u(t, x)|2

2θ(t, x)

)
. (1.3)

This kinetic equation shares many characteristic features of the Fokker-Planck-Boltzmann
equation, for example, the conservation of mass and momentum, and linear increase of ki-
netic energy; these facts are easily verified at least at a formal level and will be strictly
proved in this paper. Furthermore, the structure of its collision model J (f ) is simpler than
the Boltzmann operator in the sense that it reduces the complicated integral of interactions to
an operator which is computational treatable. On the other hand, the BGK collision model
is still very complicated in the mathematical sense due to the occurrence of exponential
nonlinearity in (1.3).

In (1.2), the linear partial differential operator σ�ξf , where σ > 0 is a constant, is the
so-called Fokker-Planck operator. It describes the fact that the gas molecules interact with
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background medium and their pathes between two interactions obey the Brownian motion,
while the BGK collision term J (f ) = M[f ] − f models two-body interactions in the gas.

On one hand, although the operator −ξ · ∇xf +σ�ξf is degenerately elliptic, it still has
certain strong regularizing effects which were previously used by many authors, such as [15]
for Fokker-Planck-Boltzmann equation and [7–12, 23, 24] for the Vlasov-Poisson-Fokker-
Planck system. In Sect. 2, we will recall and extend those facts so that they can be used in the
present paper. On the other hand, a weighted Lp estimate for the BGK collision term J (f )

was recently established in [27], this estimate describes that J (f ) as a nonlinear operator
from a weighted Lp space into itself is bounded. In this paper, we will make fully use of the
above two points to construct global classical solutions to the Fokker-Planck-BGK equation
(1.1)–(1.3). Denote by ρ(t), M(t) and E(t) the total mass, momentum and kinetic energy
of the gas at time t ≥ 0, i.e.,

(ρ, M, E)(t) =
∫

RN ×RN

f (t, x, ξ)
(
1, ξ, |ξ |2)dxdξ, t ≥ 0.

The main result of this paper can be described as the following theorem.

Theorem 1.1 Let β > 2 and 1 < p ≤ ∞, and let the initial datum f0(x, ξ) be a nonnegative
function such that

(1 + |ξ |β)f0 ∈ L1(RN × R
N), f0 ∈ Lp(RN × R

N), (1.4)

then there exists a global positive solution f (t, x, ξ) to the Fokker-Planck-BGK equation
(1.1)–(1.3) such that

f (t, x, ξ) ∈ C([0,∞),L1(RN × R
N)) ∩ C∞((0,∞) × R

N × R
N)

and

ρ(t) = ρ(0), M(t) = M(0), t ≥ 0,

E(t) = E(0) + 2Nσρ(0)t, t ≥ 0.
(1.5)

Furthermore, for any T < ∞ there exist positive constants M1 = M1(T ,β,f0) and M2 =
M2(T ,p,f0) such that

sup
0≤t≤T

∫
RN ×RN

|ξ |βf (t, x, ξ)dxdξ ≤ M1, (1.6)

sup
0≤t≤T

‖f (t, ·)‖Lp(RN ×RN ) ≤ M2. (1.7)

Remark 1.1 Compared with the conditions on the initial data in [15], we do not assume that
f0(x, ξ) has finite entropy and inertia. Here, we only require that the Lp norm of f0(x, ξ)

is finite for some p > 1. As we have seen, this Lp norm is also propagated by the solutions
constructed in Theorem 1.1. On the other hand, an extra assumption on the higher order
velocity moment is added to the initial data. We could not weaken this condition to the case
β = 2, since the approximate solutions constructed in Sect. 3 can not be proved to produce
higher order moments by the present method, unlike the classical BGK equation considered
in [21] where it was shown that the free transport equation creates higher order moments.
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Before we proceed further, we recall some of the existing results on the classical BGK
equation (the Fokker-Planck term disappears in (1.2), i.e., σ = 0). In 1989, assuming
that the total mass, inertia, kinetic energy, and entropy of the initial distribution are fi-
nite, i.e.,

∫
RN ×RN (1 + |x|2 + |ξ |2 + | logf0|)f0(x, ξ)dxdξ < ∞, Perthame [21] built an

L1 theory and proved that the classical BGK equation has a positive solution f (t, x, ξ) ∈
C([0,∞),L1(RN ×R

N)) in the distributional sense. Moreover this solution conserves mass,
momentum, and energy, and satisfies the local entropy identity. Those solutions were proved
to propagate the initial higher order moments in [26]. In order to treat uniqueness problem,
Perthame and Pulvirenti [22] also developed an L∞ method and showed that, for x in a
periodic domain, there exists a unique polynomially decaying solution if the initial density
f0 does not vanish on any characteristic line; later this result was generalized to the Cauchy
problem in [20]. The main ingredient of this method is the estimates on the L∞ moments of
the macroscopic quantities and the local Maxwellians obtained in [22]. It worth mentioning
that the initial boundary value problem and its large time behavior were discussed in [1, 14,
19], smooth solutions for small initial data and perturbation of a global Maxwellian were
also considered in [2, 3]. Furthermore, some aspects of the hydrodynamical limits were in-
vestigated in [4, 5]. Lately, by establishing weighted Lp estimates of the hydrodynamical
quantities and local Maxwellians, an Lp existence theorem and certain regularity results
were developed in [27] by means of weakly compact argument. As far as we know, for the
Fokker-Planck-BGK equation introduced in this paper, Theorem 1.1 is new.

The paper is organized as follows. In Sect. 2, we recall some of the regularizing properties
of the linear part in (1.2), which are well-known and frequently used in this field. We mainly
emphasize some aspects of those results which are suitable for our present paper. Section 3
is devoted to the construction of approximate solutions and their a priori estimates. Finally,
in Sect. 4, we will finish the proof of Theorem 1.1. In this paper, positive constants are
denoted by C(κ1, κ, . . . , κl) or Cκ1,κ,...,κl

, which depend only on the parameters κ1, κ, . . . , κl .

2 Regularity Properties of the Linear Problem

Let us denote by Lf the linear partial differential operator ξ · ∇xf − σ�ξf and consider
the following linear evolution equation

∂

∂t
f +Lf = g(t, x, ξ), f (0, x, ξ) = f0(x, ξ), (2.1)

where f0 and g are assumed to be known. It is well-known that there exists a fundamental
solution G(t, x, ξ ;y,η) of the linear operator ∂

∂t
+L, which can be expressed by

G(t, x, ξ ;y,η) = G0(t, x − y − tη, ξ − η), (2.2)

where x, y, ξ, η ∈ R
N, t ≥ 0, and

G0(t, x, ξ) = (3/4)N/2

(πσ)N t2N
exp

(
−3|x − t

2ξ |2
σ t3

)
exp

(
−|ξ |2

4σ t

)
.

Obviously, we have
∫

RN ×RN

G0(t, x, ξ)dxdξ = 1.
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With the fundamental solution G(t, x, ξ ;y,η), the solution of (2.1) can be represented by

f (t, x, ξ) =
∫

RN ×RN

G(t, x, ξ ;y,η)f0(y, η)dydη

+
∫ t

0
ds

∫
RN ×RN

G(t − s, x, ξ ;y,η)g(s, y, η)dydη. (2.3)

For t ≥ 0, define a linear operator G(t) by

G(t)f (x, ξ) =
∫

RN ×RN

G(t, x, ξ ;y,η)f (y, η)dydη,

where f belongs to an Lr space (1 ≤ r ≤ ∞). Then, (2.3) is equivalent to

f (t, x, ξ) = G(t)f0(x, ξ) +
∫ t

0
G(t − s)g(s, x, ξ)ds.

The fundamental solution G(t, x, ξ ;y,η) has many important properties (see, for exam-
ple, [7–12, 15, 23, 24]), some of which are included in the following two lemmas.

Lemma 2.1 The following properties hold for the fundamental solution G(t, x, ξ ;y,η):

1. For any x, ξ, y, η ∈ R
N and t ≥ 0

∫
RN ×RN

G(t, z, ζ ;y,η)dzdζ = 1,

∫
RN ×RN

G(t, x, ξ ; z, ζ )dzdζ = 1.

2. For any positive integers n, k, any 2N dimensional multi-indices α,γ , and any 0 < ε <

T < ∞, there exists a positive constant C = C(n, k,α, γ, ε, T ) such that for t ∈ [ε, T ],
x, ξ, y, η ∈ R

N

(1 + |y| + |η|)n

(1 + |x| + |ξ |)n+2(|α|+|γ |+2k)

∣∣∂k
t ∂α

x,ξ ∂
γ
y,ηG(t, x, ξ ;y,η)

∣∣ ≤ C.

3. For any t ≥ 0, the linear operator G(t) satisfies

‖G(t)f ‖L
p
x,ξ

≤ ‖f ‖L
p
x,ξ

,

where 1 ≤ p ≤ ∞ and 1/p + 1/p′ = 1. Furthermore, ‖G(t)f ‖L1
x,ξ

= ‖f ‖L1
x,ξ

for f ≥ 0.

The following lemma reveals the hypo-ellipticity of the linear partial differential operator
∂
∂t

+L, which is proved in [15].

Lemma 2.2 For n = 1,2, . . . , let gn ∈ L1([0, T ]×R
N ×R

N) and f n
0 ∈ L1(RN ×R

N) such
that

lim
R→∞

sup
n≥1

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|gn(t, x, ξ)|dxdξ = 0,

and

lim
R→∞

sup
n≥1

∫
|x|2+|ξ |2>R2

|f n
0 (x, ξ)|dxdξ = 0.
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Suppose that fn(t, x, ξ) (n = 1,2, . . .) are solutions to

∂

∂t
fn +Lfn = gn(t, x, ξ), fn(0, x, ξ) = f n

0 (x, ξ). (2.4)

Then {fn :n = 1,2, . . .} is relatively compact in L1([0, T ] × R
N × R

N).

For q,p > 0 and measurable function f (x, ξ), following [20, 22], we define the norms
Nq(f ) and Nq,p(f ) as follows

Nq(f ) = sup
(x,ξ)∈RN ×RN

(1 + |ξ |q)|f (x, ξ)|,

Nq,p(f ) = sup
(x,ξ)∈RN ×RN

(1 + |x|p)(1 + |ξ |q)|f (x, ξ)|.

Then, we have

Lemma 2.3 There exist two positive constants C(N,q) and C(N,q,p) such that for any
t > 0 and any measurable function f (x, ξ),

Nq(G(t)f ) ≤ C(N,q)(1 + tq/2)Nq(f ),

Nq,p(G(t)f ) ≤ C(N,q,p)max{1, tp}(1 + t
q
2 +2p)

× [Nq,p(f ) + tpNq+p(f )].

Proof Denote (1+|x|p)(1+|ξ |q)|G(t)f (x, ξ)| by I (t, x, ξ). Then, by the Peetre’s inequal-
ity and the definitions of the norms Nq and Nq,p , we have

I (t, x, ξ) ≤
∫

RN ×RN

G(t, x, ξ ;y,η)(1 + |x|p)(1 + |ξ |q)|f (y, η)|dydη

≤ Cq,p

∫
RN ×RN

G0(t, x − y − tη, ξ − η)(1 + |ξ − η|q)(1 + |η|q)

× (1 + |x − y − tη|p)(1 + |y + tη|p)|f (y, η)|dydη

≤ Cq,p[Nq,p(f ) + tpNq+p(f )]
∫

RN ×RN

G0(t, x − y − tη, ξ − η)

× (1 + |x − y − tη|p)(1 + |ξ − η|q)dydη.

Then, we get by setting z = x − y − tη, ζ = ξ − η

I (t, x, ξ) ≤ Cq,p[Nq,p(f ) + tpNq+p(f )]
∫

RN ×RN

G0(t, z, ζ )

× (1 + |z|p)(1 + |ζ |q)dzdζ

≤ Cq,p max{1, tp}[Nq,p(f ) + tpNq+p(f )]
∫

RN ×RN

G0(t, z, ζ )

×
(

1 +
∣∣∣∣z − t

2
ζ

∣∣∣∣
p)(

1 + |ζ |q+p
)
dzdζ.
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On the other hand, by the definition of G0(t, z, ζ ), we have

∫
RN ×RN

G0(t, z, ζ )

(
1 +

∣∣∣∣z − t

2
ζ

∣∣∣∣
p)(

1 + |ζ |q+p
)
dzdζ

=
∫

RN ×RN

(
1 +

∣∣∣∣z − t

2
ζ

∣∣∣∣
p)(

1 + |ζ |q+p
)

× (3/4)N/2

(πσ)N t2N
exp

(
−3|z − t

2ζ |2
σ t3

)
exp

(
−|ζ |2

4σ t

)
dzdζ

=
∫

RN

(1 + |ζ |q+p)

(
1

4πσ t

)N/2

exp

(
−|ζ |2

4σ t

)
dζ

×
∫

RN

(1 + |z|p)

(
3

πσ t3

)N/2

exp

(
−3|z|2

σ t3

)
dz

= C1(N,q,p)(1 + t
q
2 +2p) < ∞.

Inserting this inequality into the previous one, we obtain

I (t, x, ξ) ≤ C(N,q,p)max{1, tp}(1 + t
q
2 +2p)[Nq,p(f ) + tpNq+p(f )],

where C(N,q,p) = Cq,pC1(N,q,p). This implies the second inequality. The proof of the
first inequality is similar to that of the second one and the proof is complete. �

In order to construct appropriate approximate solutions, we need another result which
was firstly shown by Mischler [20] for the classical BGK equation.

Lemma 2.4 Suppose that there exist positive constants ε, r and a nonnegative function
φ(ξ) ∈ L1(RN) such that φ(ξ) ≥ ε for |ξ | < 1 and

f0(x, ξ) ≥ φ(ξ)

1 + |x|r , for (x, ξ) ∈ R
N × R

N a.e. (2.5)

Let f be the solution to (2.1) such that g ≥ −f , then there exists a positive constant δ such
that

ρ(t, x) =
∫

RN

f (t, x, ξ)dξ ≥ δ

1 + |x|r , for (t, x) ∈ [0, T ] × R
N a.e.

Proof By rewriting (2.1) as ( ∂
∂t

+L)(exp(t)f ) = exp(t)(g + f ), we obtain

f (t, x, ξ) = G(t)f0(x, ξ) +
∫ t

0
exp(s − t)G(t − s)[g(s, x, ξ) + f (s, x, ξ)]ds,

which implies by the assumptions that

f (t, x, ξ) ≥ G(t)f0(x, ξ) =
∫

RN ×RN

G(t, x, ξ ;y,η)f0(y, η)dydη

≥
∫

RN ×{|η|<1}
G(t, x, ξ ;y,η)

φ(η)

1 + |y|r dydη
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≥ ε

∫
RN ×{|η|<1}

G0(t, x − y − tη, ξ − η)
1

1 + |y|r dydη.

It follows that

ρ(t, x) ≥ ε

∫
RN

dξ

∫
RN ×{|η|<1}

G0(t, y, ξ)

1 + |x − y − tη|r dydη

≥ εCr(1 + T r)ωN

∫
RN

dξ

∫
RN

G0(t, y, ξ)(1 + |y|r )
1 + |x|r dy,

where ωN is the volume of the unit ball B(0,1) in R
N . Since

∫
RN

dξ

∫
RN

G0(t, y, ξ)(1 + |y|r )dy ≤ C(T , r) < ∞,

as shown in the proof of Lemma 2.3, we obtain that

ρ(t, x) ≥ δ

1 + |x|r ,

where δ = δ(N,T , r, ε) > 0. The proof is complete. �

3 Estimates of Approximate Solutions

In this section, we construct approximate solutions to (1.1)–(1.3), and then we prove some
a priori estimates of these solutions. In order to do so, we first recall the Lp estimates of the
local Maxwellian M[f ] established in [20, 22, 27].

Lemma 3.1 Let f (x, ξ) be any positive measurable function. Suppose 1 < p ≤ ∞ and
1
p

+ 1
p′ = 1, then for q ∈ {0} ∪ (1,

p−1
p

N) ∪ (
p−1
p

N + 2, ∞),

‖|ξ |qM[f ]‖Lp ≤ C(N,q,p)‖|ξ |qf ‖Lp . (3.1)

Furthermore, for p = ∞, q ∈ (N + 2, ∞), and any r ≥ 0, we have

Nq(M[f ]) ≤ C(N,q)Nq(f ), (3.2)

Nq,r (M[f ]) ≤ C(N,q, r)Nq,r (f ). (3.3)

Then, with the idea introduced by Perthame and Pulvirenti [22], and Mischler [20], we
establish an existence and uniqueness result for L∞ initial data, which is the starting point
of our method and is meaningful by itself as well.

Proposition 3.2 Suppose that the initial datum f0(x, ξ) satisfies the lower bound condi-
tion (2.5) for r > N , and suppose also that Nq+r (f0) < ∞ and Nq,r (f0) < ∞ for some
q > N + 2. Then there exists a unique positive solution f (t, x, ξ) to (1.1)–(1.3) satisfy-
ing that for any 0 < T < ∞ there exists a positive constant C(T ) such that Nq,r (f (t)) ≤
C(T ), Nq+r (f (t)) ≤ C(T ) for t ∈ [0, T ].
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Proof Given T ∈ (0, ∞), let f (t, x, ξ) be a positive solution to (1.1)–(1.3) for t ∈ [0, T ],
then by Lemmas 2.3 and 3.1–3.3, we have that for t ∈ [0, T ],

Nq+r (f (t)) ≤ C(N,q + r)(1 + t (q+r)/2)Nq+p(f0)

+ C(N,q + r)

∫ t

0
(1 + (t − s)(q+r)/2)Nq+r (M[f ](s))ds

≤ C(N,q + r)(1 + T (q+r)/2)Nq+r (f0)

+ C(N,q + r)(1 + T (q+r)/2)

∫ t

0
Nq+r (f (s))ds.

Then, the Gronwall’s lemma implies that

Nq+r (f (t)) ≤ a exp(at)Nq+r (f0), for t ∈ [0, T ], (3.4)

where a = C(N,q + r)(1 + T r/2). Similarly, we have

Nq,r (f (t)) ≤ C(N,q, r)max{1, T r}(1 + T
q
2 +2r )

×
{
[Nq,r (f0) + T r

Nq+r (f0)] +
∫ t

0
[Nq,r (f (s)) + T r

Nq+r (f (s))]ds

}

≤ C(N,q, r)max{1, T r}(1 + T
q
2 +2r )T r [Nq,r (f0) + exp(aT )Nq+r (f0)]

+ C(N,q, r)max{1, T r}(1 + T
q
2 +2r )

∫ t

0
Nq,r (f (s))ds.

Then, by the Gronwall’s lemma we get

Nq,r (f (t)) ≤ bT r exp(bt)[Nq,r (f0) + exp(aT )Nq+r (f0)], for t ∈ [0, T ], (3.5)

where b = C(N,q, r)max{1, T r}(1 + T
q
2 +2r ).

Secondly, let g = M[f ] − f , then g(t, x, ξ) ≥ −f (t, x, ξ). Hence, Lemma 2.4 implies
that

ρ(t, x) =
∫

RN

f (t, x, ξ)dξ ≥ δ

1 + |x|r , for (t, x) ∈ [0, T ] × R
N a.e. (3.6)

Now, let K1(t) = a exp(at)Nq+r (f0), K1(t) = bT rexp(bt)[Nq,r (f0)+exp(aT )Nq+r (f0)]
and

XT = {f (t, x, ξ) ≥ 0: Nq+r (f (t)) ≤ K1(t), Nq+r (f (t)) ≤ K2(t) for t ∈ [0, T ]
and (1 + |x|r )ρ(t, x) ≥ δ for (t, x) ∈ [0, T ] × R

N a.e.}.

We define the nonlinear operator F as follows

(Ff )(t, x, ξ) = exp(−t)G(t)f0(x, ξ) +
∫ t

0
exp(−(t − s))G(t − s)M[f ](s, x, ξ)ds,

then (3.4), (3.5), and (3.6), and their proofs imply that F maps XT into itself.
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On the other hand, it is known [20] that the nonlinear operator M[f ] is a Lipschitz
mapping from XT into itself, i.e., there is a positive constant L such that for any f1, f2 ∈ XT

∫
RN ×RN

(1 + |ξ |2)|M[f1] − M[f2]|(t, x, ξ)dxdξ

≤ L

∫
RN ×RN

(1 + |ξ |2)|f1 − f2|(t, x, ξ)dxdξ, t ∈ [0, T ].

Using the above facts and the Banach fixed point theorem, it is easy to show that there
exists a unique nonnegative solution to (1.1)–(1.3) having the desired properties. The proof
of Proposition 3.2 is complete. �

Now, we are in a position to construct approximate solutions to (1.1)–(1.3). We always
assume that the initial datum f0 satisfies (1.4). Following the method in [27], we cut off the
initial datum f0 and obtain a sequence of the cutoff initial data as follows

f n
0 (x, ξ) = ϕn(x, ξ)max{f0(x, ξ), n} + 1

n

exp(−|ξ |2)
(1 + |x|r ) ,

where ϕn is any cutoff function such that 0 ≤ ϕn ≤ 1 and ϕn(x, ξ) = 0 for |x|2 + |ξ |2 ≥ n2,
and limn→∞ ϕ(x, ξ) = 1; furthermore, r ≥ N + 1 is sufficiently large. Then,

lim
n→∞

∫
RN ×RN

(1 + |ξ |β)|f n
0 − f0|(x, ξ)dxdξ = 0, lim

n→∞‖f n
0 − f0‖Lp(RN ×RN ) = 0.

It is also obvious that for n = 1,2, . . . , f n
0 as an initial datum satisfies all assumptions of

Proposition 3.2. Hence, the approximate Fokker-Planck-BGK equation

∂

∂t
fn + ξ · ∇xfn − σ�ξfn = M[fn] − fn, fn(0, x, ξ) = f n

0 (x, ξ), (3.7)

has a unique global positive solution fn(t, x, ξ), where

M[fn](t, x, ξ) = ρn(t, x)

(2πθn(t, x))N/2
exp

(
−|ξ − un(t, x)|2

2θn(t, x)

)
(3.8)

and
⎛
⎝

ρn

ρnun

ρn|un|2 + Nρnθn

⎞
⎠ (t, x) =

∫
RN

⎛
⎝

1
ξ

|ξ |2

⎞
⎠fn(t, x, ξ)dξ. (3.9)

Furthermore, for any T < ∞ there is a positive constant C(T ,n, q, r) such that for any
t ∈ [0, T ] and any q > N + 2

Nq,r (fn(t)) ≤ C(T ,n, q, r), Nq+r (fn(t)) ≤ C(T ,n, q, r). (3.10)

Generally speaking, the L∞ bound C(T ,n, q, r) in (3.10) depends not only on T but also
on n, q and r . In order to obtain the compactness, we need some uniform estimates of the
approximate solutions. To this end, we establish the following lemmas.
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Lemma 3.3 Assume that the initial datum f0 satisfies (1.4), then for n = 1,2, . . . ,

ρn(t) = ρn(0), Mn(t) = Mn(0), t ≥ 0,

En(t) = En(0) + 2Nσρn(0)t, t ≥ 0,
(3.11)

where for t ≥ 0,

(ρn,Mn,En)(t) =
∫

R2N

(1, ξ, |ξ |2)fn(t, x, ξ)dxdξ.

Furthermore, there exists a positive constant C = C(N,β) such that for t > 0, n = 1,2, . . . ,
∫

RN ×RN

|ξ |βfn(t, x, ξ)dxdξ ≤ exp(Ct)

(∫
RN ×RN

|ξ |βf n
0 dxdξ + ρn(0)

)
. (3.12)

Proof Equation (3.11) is a direct consequence of the rapidly decreasing of fn at infinity,
conservation of mass and momentum, and linear increasing of kinetic energy. Next, we
prove (3.12). Multiplying both sides of (3.7) by |ξ |β and integrating it against x, ξ , we
obtain

∂

∂t

∫
RN ×RN

|ξ |βfndxdξ +
∫

RN ×RN

|ξ |β(ξ · ∇xfn − σ�ξfn)dxdξ

=
∫

RN ×RN

|ξ |β(M[fn] − fn)dxdξ ≤
∫

RN ×RN

|ξ |βM[fn]dxdξ.

Thanks to the fast decaying property (3.10) of fn at infinity and integrating by parts, we
obtain,

∂

∂t

∫
RN ×RN

|ξ |βfndxdξ

≤
∫

RN ×RN

|ξ |βM[fn]dxdξ + σβ(N + β − 2)

∫
RN ×RN

|ξ |β−2fndxdξ

≤
∫

RN ×RN

|ξ |βM[fn]dxdξ + C1

∫
RN ×RN

|ξ |βfndxdξ + C1ρn(0), (3.13)

where C1 = C1(N,σ,β) = σβ(N + β − 2).
On the other hand, we have for any nonnegative function f (ξ)

∫
RN

|ξ |βM[f ](ξ)dξ

=
∫

RN

ρ

(2πθ)N/2
exp

(
−|ξ − u|2

2θ

)
|ξ |βdξ

≤ 2β−1
∫

RN

[|ξ − u|β + |u|β ] ρ

(2πθ)N/2
exp

(
−|ξ − u|2

2θ

)
dξ

= 2β−1

(∫
RN

ρ

(2πθ)N/2
exp

(
−|ξ |2

2θ

)
|ξ |βdξ + ρ|u|β

)

= 2β−1

(
ωN−1

∫ ∞

0

ρrN+β−1

(2πθ)N/2
exp

(
− r2

2θ

)
dr + ρ|u|β

)
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= 2β−1

(
2

β−2
2 ωN−1

πN/2Nβ/2
�

(
N + β

2

)
ρ(Nθ)β/2 + ρ|u|β

)
,

where ωN−1 is the area of the unit sphere of dimension N − 1. Letting

C2 = C2(N,β) = 2β−1

(
2

β−2
2 ωN−1π

−N/2N−β/2�

(
N + β

2

)
+ 1

)
,

we obtain by using the Hölder’s inequality,

∫
RN

|ξ |βM[f ](ξ)dξ ≤ C2ρ[|u|β + (Nθ)β/2]

≤ C2ρ[|u|2 + (Nθ)]β/2 = C2ρ
2−β

2

(∫
RN

|ξ |2f (ξ)dξ

)β/2

≤ C2

∫
RN

|ξ |βf (ξ)dξ.

Inserting this inequality into the right hand side of (3.13), we obtain

∂

∂t

∫
RN ×RN

|ξ |βfndxdξ ≤ Cρn(0) + C

∫
RN ×RN

|ξ |βfndxdξ,

where C = C1 + C2. This implies by the Gronwall’s lemma that

∫
RN ×RN

|ξ |βfndxdξ ≤ exp(Ct)

(∫
RN ×RN

|ξ |βf n
0 dxdξ + ρn(0)

)
, t ≥ 0, n = 1,2, . . . .

The proof is complete. �

Lemma 3.4 Assume that the initial datum f0 satisfies (1.4). Then, there exist positive con-
stants C1 = C1(N,p) and C2 = C2(N,p) such that

‖fn(t)‖Lp(R2N ) ≤ exp(C1t)

(
‖f0‖Lp(R2N ) + C2

n

)
, t > 0, n = 1,2, . . . . (3.14)

Proof It follows from (2.3) that

fn(t, x, ξ) = G(t)f n
0 (x, ξ) +

∫ t

0
G(t − s){M[fn] − fn}(s)ds.

Taking Lp norm on both sides, and then using Lemma 2.1(3) and inequality (3.1) in
Lemma 3.1, we obtain

‖fn(t)‖Lp(R2N ) ≤ ‖f n
0 ‖Lp(R2N ) + C(N,p)

∫ t

0
‖fn(s)‖Lp(R2N )ds, t > 0,

which implies that

‖fn(t)‖Lp(R2N ) ≤ exp(C(N,p)t)‖f n
0 ‖Lp(R2N ), t > 0.
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On the other hand, by the definition of f n
0 , we get for 1 < p < ∞

∫
R2N

[f n
0 ]pdxdξ ≤

∫
R2N

f
p

0 dxdξ + C̃(N,p)

np
.

For p = ∞, it is obvious that

‖f n
0 ‖L∞(R2N ) ≤ ‖f0‖L∞(R2N ) + 1

n
.

Letting C1 = C(N,p) and C2 = 1 + C̃(N,p), we obtain the desired result. The proof is
complete. �

Remark 3.1 The uniform Lp bound proven in Lemma 3.4 implies that for 1 < p < ∞,
{fn(t, x, ξ): n = 1,2, . . .} is relatively compact in Lp([0, T ] × R

2N) in the weak topology;
and for p = ∞, {fn(t, x, ξ): n = 1,2, . . .} is relatively compact in L∞([0, T ]× R

2N) in the
weak � topology [18, 25]. On the other hand, the uniform Lp bound as well as the results
of Lemma 3.3 will imply the weak compactness of the local Maxwellians M[fn] which is
important to show the existence of global solutions to the Fokker-Planck-BGK equation. It
is also used to establish the Lp bound in Theorem 1.1.

4 Proof of Theorem 1.1

Proof of Theorem 1.1 Firstly, we show that for any T < ∞, {fn(t, x, ξ) : n = 1,2, . . .}
is locally compact in L1([0, T ] × R

2N). Let gn(t, x, ξ) = M[fn](t, x, ξ) − fn(t, x, ξ) for
n = 1,2, . . . , and let ψr(x) be the cut-off function corresponding to the ball B(0, r) ⊂ R

N
x

with radius r > 0. We consider the functions f̃n(t, x, ξ) = ψr(x)fn(t, x, ξ) and g̃n(t, x, ξ) =
ψr(x)gn(t, x, ξ) − [ξ · ∇xψr(x)]fn(t, x, ξ), it follows from (3.7) that they satisfy (2.4), i.e.,

∂

∂t
f̃n +Lf̃n = g̃n(t, x, ξ), f̃n(0, x, ξ) = f̃ n

0 (x, ξ),

where f̃ n
0 (x, ξ) = ψr(x)f n

0 (x, ξ). For R > 0 large enough, we have by (3.11) of Lemma 3.3,

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|ψr(x)gn(t, x, ξ)|dxdξ

≤
∫ T

0
dt

∫
|x|2+|ξ |2>R2

ψr(x){M[fn] + fn}(t, x, ξ)dxdξ

≤
∫ T

0
dt

∫
{|ξ |2>R2−(r+1)2, |x|≤r+1}

{M[fn] + fn}(t, x, ξ)dxdξ

≤
∫ T

0
dt

∫
|ξ |2>R2−(r+1)2

{M[fn] + fn}(t, x, ξ)dxdξ

≤ 2

R2 − (r + 1)2

∫ T

0
dt

∫
R2N

|ξ |2fn(t, x, ξ)dxdξ
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= 2

R2 − (r + 1)2

∫ T

0
dt

∫
R2N

(|ξ |2 + 2Nσt)f n
0 (x, ξ)dxdξ

≤ 2

R2 − (r + 1)2

∫ T

0
dt

(∫
R2N

(|ξ |2 + 2Nσt)f0(x, ξ)dxdξ + C

)
.

This implies that

lim
R→∞

sup
n≥1

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|ψr(x)gn(t, x, ξ)|dxdξ = 0.

Since |ξ · ∇xψr(x)| ≤ C1ψr(x)|ξ | for some positive constant C1, a similar argument gives
that

lim
R→∞

sup
n≥1

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|[ξ · ∇xψr(x)]fn(t, x, ξ)|dxdξ = 0.

The above two equalities obviously imply that

lim
R→∞

sup
n≥1

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|g̃n(t, x, ξ)|dxdξ = 0. (4.1)

On the other hand, it is easy to show

lim
R→∞

sup
n≥1

∫ T

0
dt

∫
|x|2+|ξ |2>R2

|f̃ n
0 (x, ξ)|dxdξ = 0. (4.2)

It follows from (4.1), (4.2) and Lemma 2.2 that {f̃n(t, x, ξ): n = 1,2, . . .} is relatively
compact in L1([0, T ] × R

2N). This implies that for any r > 0, {fn(t, x, ξ): n = 1,2, . . .}
is relatively compact in L1([0, T ] × B(0, r) × R

N). Hence, without loss of general-
ity, we may assume that {fn(t, x, ξ): n = 1,2, . . .} converges to a nonnegative function
f (t, x, ξ) ∈ L1([0, T ]×B(0, r)×R

N) in the strong topology for any r > 0. Using elemen-
tary cut off method, we also obtain by passing to the limit in (3.12),

∫
RN ×RN

|ξ |βf (t, x, ξ)dxdξ ≤ exp(Ct)

(∫
RN ×RN

|ξ |βf0dxdξ + ρ(0)

)
, t > 0, (4.3)

which obviously implies (1.6).
Secondly, we show the global existence of a nonnegative solution to (1.1)–(1.3). We will

see that the solution is the limit f (t, x, ξ) of the approximate solutions {fn(t, x, ξ): n =
1,2, . . .}. We begin by establishing that for any r > 0,

|ξ |2fn(t, x, ξ) → |ξ |2f (t, x, ξ), in L1([0, T ] × B(0, r) × R
N
ξ ) (4.4)

as n → ∞. Actually, for any R > 0,

∫ T

0
dt

∫
B(0,r)

dx

∫
RN

|ξ |2|fn(t, x, ξ) − f (t, x, ξ)|dξ

≤ R2
∫ T

0
dt

∫
B(0,r)

dx

∫
|ξ |≤R

|fn(t, x, ξ) − f (t, x, ξ)|dξ
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+ 1

Rβ−2

∫ T

0
dt

∫
B(0,r)

dx

∫
|ξ |>R

|ξ |β |fn(t, x, ξ) − f (t, x, ξ)|dξ

≤ R2
∫ T

0
dt

∫
B(0,r)

dx

∫
RN

|fn(t, x, ξ) − f (t, x, ξ)|dξ

+ 1

Rβ−2

∫ T

0
dt

∫
R2N

|ξ |β [|fn(t, x, ξ)| + |f (t, x, ξ)|]dxdξ =: I1 + I2.

It follows from (3.12) and (4.3) that there exists a positive constant C = C(N,σ,β,T ) such
that I2 ≤ C/Rβ−2. For any ε > 0, we can take R large enough to ensure that I2 < ε/2. For
such R fixed, we have limn→∞

∫ T

0 dt
∫

B(0,r)
dx

∫
RN |fn(t, x, ξ) − f (t, x, ξ)|dξ = 0, due to

the convergence of fn(t, x, ξ) to f (t, x, ξ) in the space L1([0, T ] × B(0, r) × R
N
ξ ). This

observation obviously implies (4.4). It follows from (4.4) that

lim
n→∞(ρn, ρnun, ρn|un|2 + Nρnθn)(t, x) = (ρ, ρu, ρ|u|2 + Nρθ)(t, x),

in L1([0, T ] × B(0, r)).

Hence, we have for almost all (t, x) ∈ [0, T ] × R
N ,

lim
n→∞(ρn, ρnun, ρn|un|2 + Nρnθn)(t, x) = (ρ, ρu, ρ|u|2 + Nρθ)(t, x). (4.5)

On the other hand, by Lemmas 3.1, 3.4, and 3.3, we get for t > 0, n = 1,2, . . .

‖M[fn](t)‖Lp(R2N ) ≤ C(N,p) exp(C1t)(‖f0‖Lp(R2N ) + C2),

and

‖(1 + |ξ |2)M[fn](t)‖L1(R2N ) ≤ ‖(1 + |ξ |2)f n
0 ‖L1(R2N ) + 2Nσt‖f n

0 ‖L1(R2N ).

The last two inequalities and Dunford-Pettis theorem [18] imply that there exists a nonneg-
ative function ω(t, x, ξ) such that (choosing a subsequence if necessary)

M[fn](t, x, ξ) → ω(t, x, ξ), weakly in L1([0, T ] × B(0, r) × R
N
ξ ). (4.6)

By (4.5), (4.6) and the standard procedure developed in [21], it is easy to show that
ω(t, x, ξ) = M[f ](t, x, ξ) and M[fn](t, x, ξ) → M[f ](t, x, ξ) in L1([0, T ] × B(0, r) ×
R

N
ξ ) in the strong topology.

Now, by passing to the limit in the approximate Fokker-Planck-BGK equation (3.7)−
(3.9), we know that f (t, x, ξ) is a solution to (1.1)–(1.3) in distributional sense.

Thirdly, we show the smoothness of the solution f (t, x, ξ). By Lemma 2.1(2), we know
that the operator G(t) maps any Lq(R2N) into C∞((0, ∞) × R

2N) ∩ C([0, ∞) :Lq(R2N))

(see, for example [8]). On the other hand, the solution satisfies

f (t, x, ξ) = G(t)f0(x, ξ) +
∫ t

0
G(t − s){M[f ] − f }(s, x, ξ)ds.

Since f0(x, ξ) ∈ L1(R2N) and {M[f ]−f }(s, x, ξ) ∈ L∞((0, ∞); L1(R2N)), consequently,
f (t, x, ξ) ∈ C([0, ∞): Lq(R2N)) ∩ C∞((0, ∞) × R

2N).
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Finally, we show that the solution f (t, x, ξ) satisfies (1.5), (1.6) and (1.7). Equation
(1.6) is already proved in (4.3); to prove (1.5), we multiply both sides of (1.2) by collision
invariants 1, ξ and |ξ |2, respectively, and integrate by parts, then the desired results are
obtained. To prove (1.7), we use Lemma 3.4 and Remark 3.1. Actually, (1.7) follows from
(3.4) and the weak (weak �) convergence of fn(t, x, ξ) to f (t, x, ξ) in the space Lp([0, T ]×
R

2N) (see, for example [27] for details). The proof of Theorem 1.1 is complete. �
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